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1. Introduction
During the past decade, a lot of effort has been invested in the 
development of new artificially structured electromagnetic 
composites named metamaterials (MTMs), and the invest­
igation of material properties otherwise not found in nature, 
such as optical magnetism, negative refraction (backward wave 
propagation), near­zero permittivity, permeability, etc [1–3].
MTMs are comprised of complex constituent elements pat­
terned in periodic arrays, which are significantly smaller than 
the wavelength of interest so that wave propagation occurs in 
line with refraction through the effective medium, instead of 
diffraction, as is the case in photonic crystals [4]. Negative 
refractive index media were first demonstrated at microwave 
frequencies [5], which led to the extensive studying of perfect 
lensing and cloaking phenomena, followed by demonstration 
of functional MTMs at near­infrared and visible frequencies 
[6, 7], leaving few research attempts concentrating on THz 
frequencies. Metallic split­ring resonators have been the most 
common design for THz 2D planar MTMs; however, some 
alternative composite right/left­handed metamaterial (CRLM) 
waveguide designs have been proposed [2, 8, 9] as well. 
A particular problem in THz MTM realization is caused by 
the presence of metallic inclusions, which introduce large 
losses. One way to compensate for the losses is to include 
an active photonic material in the MTM structure as a source 
of gain, which is provided via the process of stimulated 
photon emission [10]. The THz frequency range is gener­
ally very interesting for the investigation of active photonic 
MTMs, since structures with subwavelength dimensions can 
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be readily obtained using modern fabrication techniques, and 
photonic gain is available through intersubband transitions in 
THz quantum cascade laser (QCL) [11].
THz QCLs are the longest­wavelength semiconductor laser 
sources, covering a spectral range of 0.6–5 THz. After their 
first demonstration in 2002 [12], we have witnessed a rapid 
development of these devices. Now THz QCLs are the only 
solid­state THz sources able to deliver average optical power 
much greater than tens of milliwatts (although cryogenic 
cooling is still required) essential for applications in THz 
imaging, explosive detection and sensing, while their ability 
to operate in continuous wave regimes makes them suitable 
for high­resolution THz spectroscopy [13, 14]. It could be 
said that THz QCLs are ideal candidates to fill the ‘THz gap’.
In this paper, we have theoretically considered a possible 
realization of tunable MTMs with structural compositions as 
in QCLs, capable of delivering high enough values of optical 
gain required for negative refraction. The analyzed structures 
comprise very thin GaAs/AlGaAs layers, which are subjected 
to a strong magnetic field used to enhance the optical gain 
by manipulating carrier scattering processes, and therefore to 
control the regime of refraction [15].
2. Theoretical considerations
QCL is a low­dimensional semiconductor quantum structure 
that consists of a series of identical stages. As electron travels 
through the structure, it (ideally) emits as many photons as 
the number of periods. The devices should be designed to 
have two electronic subbands defined as the upper and the 
lower laser states, electric pumping along the growth direc­
tion must be provided, as well as the periodic repetition of 
active elements, responsible for the light amplification. 
Due to the specific features of intersubband transitions, the 
dynamical properties differ from those of interband lasers. 
Non­radiative intersubband scattering mechanisms are very 
fast, proceeding on a timescale of a few picoseconds [16]. 
Although limited by operating temperatures, which are still 
below the level reachable with Peltier cooling elements, the 
development of these devices has led to simple active region 
designs, comprising of only two wells [17], which have the 
smallest number of quantum­confined subbands involved in 
electron transport per period. The first QCL demonstration 
was far more complex, as it was a superlattice­based struc­
ture that comprised seven wells [18]. The influence of the 
external magnetic field on QCL’s output properties is of spe­
cial interest. A lot of research has been made in investigating 
different scattering mechanisms in magnetic­field­assisted 
structures, as it may improve QCL performance at longer 
wavelengths [15, 18].
As most of the proposed and so far demonstrated MTM 
structures include some form of metallic layers (metallic 
films, wires, spheres, etc), it is expected that those struc­
tures exhibit very high optical losses, which could turn out 
to be detrimental to their performance [19, 20]. As pointed 
out above, it is very important to compensate for the losses 
by using active MTMs, which are able to provide high values 
of optical gain. Semiconductor quantum structures, in which 
the layers’ widths could be modified (therefore changing the 
lasing wavelength) while the material composition remains 
the same, are very important when it comes to choosing the 
active medium in MTMs. QCLs turn out to be an excellent 
choice as they may be used to realize substantial optical gain 
at specific frequencies [21].
The polarization­dependent dipole matrix element that 
describes intersubband transitions in quantum­well­based 
nanostructures is responsible for the anisotropy of the optical 
permittivity tensor. The relative magnetic permeability of a 
semiconductor­based non­magnetic material is µ = 1, while 













Here, ∥ε  is the permittivity component along the quantum 
well planes, and is equal to εb, which denotes the average 
permittivity of the background material. We neglect the back­
ground permittivity dependence on frequency and the doping 
level (which may introduce changes to the εb values), as we 
are mostly interested in a qualitative analysis of the effect. 
Such dependencies may generally be quite important and 
will be included during further refinements of the model. The 
intersubband­induced permittivity ε⊥, which describes the 
interaction along the growth axis, can be represented by the 
Lorentzian model [22]:
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where L is the unit cell length in the z­direction, N jS,  rep­
resents the electron sheet density in the jth state, ωi,f is the 
resonant transition frequency between the initial and the final 
states (i and f, respectively), ω is the frequency of the input 
light, γi,f stands for the transition linewidth, and zf,i denotes 
the transition dipole matrix element between the final and ini­
tial states. As evident from the equation  above, the normal 
component of dielectric permittivity strongly depends on the 
electron sheet densities in the states of interest. The goal of 
this work is to meet the criteria for achieving negative refrac­
tion, which in the case of anisotropic, single­negative MTM 
read [23]:
( )∥ε ε> <⊥0, Re 0 (3)
It is obvious that in order to obtain negative values of the real 
part of ε⊥, one has to make sure that high enough population 
inversion is achieved, in order to cancel out the background 
term and invert the sign of the real part of ε⊥ in equation (2). 
Sufficiently high population inversion could potentially be 
achieved by enhancing carrier injection through the use of 
high doping densities in the QCL active region. However, 
high doping densities can in turn lead to complications via 
space­charge effects and impurity scattering. In this work, we 
investigate the use of a strong magnetic field as an alterna­
tive means of controlling scattering behavior with the aim of 
avoiding the use of high doping contributions.
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We investigated two QCL active region designs previously 
reported in the literature [13, 24]; the first one consists of 
two quantum wells, while the other design consists of three 
quantum wells per period, biased by an external electric field. 
Both structures belong to the THz part of the spectrum, lasing 
at 4.6 THz and 3.9 THz. The conduction band diagrams of one 
period of each structure, obtained from our calculations, are 
presented in figure 1.
Each period of the structure has three relevant energy states 
that correspond to the ground state (energy level 1), lower laser 
state (level 2) and upper laser state (level 3). The laser trans­
ition occurs between states 3 and 2, and the corresponding 
energy difference sets the lasing frequency. The active region 
is surrounded by collector/emitter barriers, which enable car­
rier injection from the preceding active region/extraction from 
the lower subband to the next region [13].
In order to achieve high population inversion ( −N NS,f S,i), 
one has to make sure that the lower laser state is being depop­
ulated fast enough. The main mechanism responsible for the 
depopulation of level 2 is electron–longitudinal optical (LO) 
phonon scattering. Unlike QCLs operating in the mid­infrared 
range, where electron–acoustic (AC) phonon scattering may 
have a contribution in calculating the total relaxation rate, 
when it comes to THz QCLs this scattering mechanism could 
be neglected, but interface roughness scattering (IRS) must 
be taken into account, as there is significant overlap between 
wavefunctions at the interfaces of adjacent periods. QCL struc­
tures that utilize electron–LO phonon scattering as the main 
depopulation mechanism should be designed in such a manner 
so that the energy difference ∆ = −E E E21 2 1 approximately 
equals the LO phonon energy (≈ 36 meV). The advantages 
of using this particular design are extremely fast depopulation 
processes, as well as large values of energy separation, which 
provide intrinsic protection against thermal backfilling [25], 
as they both allow higher­temperature operation.
The electronic subbands of active regions from figure  1 
have free particle­like energy dispersion in the direction par­
allel to the QW planes; however, in the presence of an external 
magnetic field B in the direction parallel to the z­axis, these 
continuous subbands split into a series of strictly discrete 
states called Landau levels, whose energies (including the 

















































where En0 is the energy of the nth state for the zero in­plane 
wave vector; ( )∥m En n, 0  denotes the energy­dependent in­
plane electron effective mass; =m m* 0.0665 0, where m0 is 
the free electron mass; B is the value of the magnetic field; 
= …l 0, 1, 2,  is the Landau index; and α β,0 0  are the non­
parabolicity parameters averaged over the z­coordinate. The 
magnetic field clearly affects the Landau levels’ energies, 
so it could be used as a tool to purposely modify the scattering 
rate between levels of interest, and therefore affect the optical 
gain, as described in detail in [27].
In order to calculate the refractive index of the structure, 
one must first find the permittivity, for which the electron dis­
tribution over all Landau levels is needed, and it could be cal­














ii f f i (5)
Here i, f define the initial and final states, and run through 
all Landau levels, where all periods are included, and 
( )π= − f eB N1 /i i relates to the probability of state i being 
unoccupied. As QCL consists of repetitive elements (periods), 
the system of rate equations  can be simplified as described 
in [27]. We assume that inside the cascade there is globally 
linear potential variation, which enables the use of periodic 
boundary conditions for the carrier surface densities. For each 
period we assumed an identical set of N Landau levels, with 
identical electron distribution.
As pointed out, QCL structures could be seen as an aniso­
tropic MTM characterized by a parallel component of the 
dielectric permittivity ∥ε , which has a real and positive value, 
and a perpendicular component ε⊥, which has a complex value 
″ε ε ε= + ⋅′⊥ ⊥ ⊥i , and strongly depends on the input frequency. 
Figure 1. Conduction band profile of a single period of: (a) two­well design lasing at 4.6 THz, and (b) three­well design lasing at 3.9 THz.
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Considering the refraction of the incident wave that is passing 
through a boundary surface between two media (isotropic and 
anisotropic material), following the Snell law, we calculated 







































where θi is the angle of incidence, and R R I /2( )Ω = + + , 
































where ″ ″ε ε ε=⊥ ⊥ ⊥ /
2  and ε ε ε=′ ′⊥ ⊥ ⊥ /2 , while k0 is the 
wave vector of the incident beam. The sign ‘−’ in equa­
tion  (6) corresponds to the case when ε′⊥ has a negative 
value, while the sign ‘+’ stands for the opposite case. The 
dielectric permittivity of a QCL­based MTM in the direc­
tion perpendicular to the structure growth direction is equal 
to the dielectric permittivity of the bulk material, and reads: 
( ) ( )∥ε ε ε ε= = + +L L L L/b b p b p p p1 1 2 2 1 2 , where Lp1 and εb1 are 
the width and the bulk dielectric permittivity of the GaAs 
layer, and Lp2 and εb2 are the width and the bulk dielectric 
permittivity of the AlGaAs layer. As ε ≈ 13b  for our analysis, 
the only remaining condition for achieving a negative value of 
the refractive index is ε <′⊥ 0.
In the case of anisotropic MTMs, the directions of the 
wavevector and Poynting vector may differ, so one should 
take into account the refractive index of the wave vector as 
well when analyzing such a structure. Using the same analysis 
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Unlike in the case of the refractive index of the QC structure, 
the wave vector refractive index always has a positive value.
3. Numerical results
In this paper, two different QCL structures were analyzed, 
one of them lasing at 4.6 THz, with an active region that com­
prises two QWs, with the other one lasing at 3.9 THz, with 
an active region that has three QWs. Both analyzed structures 
are realized on a GaAs/Al0.15Ga0.85As platform. The structure 
lasing at 4.6 THz is considered to be the simplest structure 
so far, as having only two wells per period is the minimum 
required to independently set the energy difference ∆E21, the 
radiative energy ∆E32, and the radiative matrix element. The 
layer widths are 56/71/31/167 Å, starting from the emitter 
towards the collector barrier, and the electric field is set to 
17 kV cm−1. By using these data, we calculated the energy 
difference between subbands 3 and 2 as 20.9 meV, while the 
difference between the lower laser state and the ground state 
approximately equals the LO phonon energy (36 meV). The 
structure lasing at 3.9 THz has layer widths 48/85/28/85/42/164 
Å, starting from the left barrier, with an electric field of 12.5 kV 
cm−1. The energy difference between states 3 and 2 reads 
15.2 meV according to our calculations, and the energy differ­
ence ∆E21 reads 39.6 meV. These two designs utilize diagonal 
transitions which lead to a longer upper­laser­state lifetime 
and larger population inversion, which are especially impor­
tant in our case. The numerical results that describe the relax­
ation rates of these structures are described in detail in [15], 
where we observed electron–LO phonon scattering and IRS 
at a temper ature of 77 K. As expected, the peaks in scattering 
rates are found at some values of applied magnetic field, which 
satisfy the resonance conditions for LO phonon emission from 
the upper laser state. On the other hand, if there is no Landau 
level positioned at approximately the LO phonon energy below 
the state (3, 0), this scattering mechanism is forbidden, which 
consequently increases the upper­laser­state carrier lifetime. 
It is very important to include other scattering mechanisms in 
numerical calculations, especially in such cases when a new 
scattering path may strongly affect the carrier distribution 
between the laser levels. The total scattering rate of the system 
can be defined as:




i f i f
i
i f (12)
where →W E E
LO
i f
 defines the LO phonon scattering rate between 
the initial and final states, while →W E E
IRS
i f
 is the IRS rate, and 
is calculated at every surface zi. The modal gain is calculated 
as in [15], and is presented in figure 2. It was assumed that 
all the states are broadened, while the broadening of each 
state is approximated using the Lorentzian distribution func­
tion, setting the full width at half maximum parameter to be 
γ = 2 meV, which is not dependent on the magnetic field.
Modal gain oscillations with B are very pronounced, as 
expected, with prominent peaks at =B 7.1 T and =B 17.5T 
for the first structure, and at =B 3.9 T, =B 7.6 T and 
=B 18.6 T for the second structure, in line with the absence of 
LO­phonon resonances. The three­well structure exhibits a dip 
in modal gain profile around 10.3 T, so in order to use this struc­
ture as an effective gain medium, one should apply either a weak 
magnetic field or a very strong magnetic field (above 17 T).
Following equation  (2) one can calculate the values of ε⊥. 
The magnetic field influence on the wave functions is not taken 
into account, as its effect on the change of the dipole matrix 
elements can be neglected. For some values of the magnetic 
field where the peaks appear, it is possible to achieve negative 
values of the real part of ε⊥ for a fixed total sheet density value. 
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Figure 2. Modal gain as a function of the applied magnetic field: (a) two­well structure lasing at 4.6 THz, and (b) three­well structure 
lasing at 3.9 THz.
Figure 3. Dependence of the perpendicular component of the dielectric permittivity on the input frequency for: (a) two­well structure 
lasing at 4.6 THz, and (b) three­well structure lasing at 3.9 THz. Solid lines represent the real part, while dotted lines represent the 
imaginary part of the dielectric permittivity.
Figure 4. Frequency range at which negative refraction is possible, as it depends on the magnetic field and total sheet density in the case 
of: (a) two­well structure lasing at 4.6 THz, and (b) three­well structure lasing at 3.9 THz.
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In figure 3 we present how ε⊥ depends on the magnetic field, for 
the same value of the total sheet density ( = ⋅N 2.2 10S 17 m−2) 
for both structures. For each structure it is noticeable that the fre­
quency regions where negative refraction may occur are much 
wider for magnetic fields which correspond to the peaks in the 
gain profiles. As expected, for the cases of B where dips in gain 
profile appear it is more challenging to achieve ( )ε <⊥Re 0; how­
ever, in the above example it is still possible due to the rather 
high values of the total carrier sheet density. Although, in prac­
tice, high sheet doping densities will affect the gain (through 
impurity scattering and contributions to the background permit­
tivity), we have omitted these effects in the present work in order 
to study the effect of the magnetic confinement independently.
In order to obtain more complete information about the 
total sheet density required for the onset of negative refraction, 
we calculated the frequency range with ( )ε <⊥Re 0 as a func­
tion of the magnetic field value for numerous total sheet densi­
ties (figure 4). Therefore, we can conclude that the minimum 
value of the total sheet density at which the structure lasing 
at 4.6 THz exhibits negative refraction equals ⋅2 1016 m−2  
(for the magnetic field value at which the modal gain has the 
maximum value, 17.5 T), and ⋅3.1 1016 m−2 for the struc­
ture lasing at 3.9 THz. Although high, these values of the 
total sheet densities are comparable to those reported in [28] 
( ⋅0.8 1016 m−2). The total sheet densities for which structures 
exhibit negative refraction for all values of the applied magn­
etic field are ⋅4.4 1016 m−2 and ⋅4.7 1016 m−2 for the struc­
tures lasing at 4.6 THz and 3.9 THz, respectively. Although 
these two structures have very different modal gain profiles, 
the total sheet densities needed for them to exhibit negative 
refraction are rather similar.
Following equation  (6), and assuming a case of normal 
incidence, we calculated the values of the refractive indices of 
the two structures, and the results match the previous conclu­
sion regarding the minimum values of NS at which it is pos­
sible to obtain negative values of the refractive index (figure 5). 
As can be seen from equation (6), we get both negative and 
positive values of the refractive index, depending on the sign 
of the real part of the normal component of the dielectric 
permit tivity. If we observe the results in figure 5, it is obvious 
that for a fixed value of nQCL (x–y plane) the shape resembling 
the structure’s modal gain profile is displayed, and for a fixed 
value of the applied magnetic field ( y–z plane) one can detect 
an ε⊥­like profile.
Finally, to have a detailed insight into the properties of the 
structure of interest, one can also calculate the wave vector 
Figure 5. QCL refractive index dependence on magnetic field and total sheet density: (a) two­well structure lasing at 4.6 THz, and  
(b) three­well structure lasing at 3.9 THz.
Figure 6. Wave vector refractive index as a function of the total sheet density and magnetic field value for: (a) two­well structure lasing at 
4.6 THz, and (b) three­well structure lasing at 3.9 THz.
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refractive index, following equation  (9). The wave vector 
refractive index as a function of the total sheet density and 
applied magnetic field is shown in figure 6. In the case of 
aniso tropic structures, such as the ones analyzed in this paper, 
the wave vector refractive index is different from the refrac­
tive index of the structure. The greater the difference, the more 
anisotropic the structure is.
4. Conclusion
The two GaAs/AlGaAs structures considered in this paper emit 
in the THz part of the spectrum and represent the simplest QCL 
active region designs, which were experimentally realized and 
explored [13]. Here, we utilize them to illustrate the possibility 
of achieving negative refraction, as parts of active­medium­
based MTMs, used to provide large enough gain to yield nega­
tive values of the relevant dielectric permittivity component.
Our analysis indicates that an external magnetic field needs 
to be applied to the structures in order to attain the required 
values of the gain, as a consequence of the large (positive) back­
ground permittivity of GaAs. This magnetic field affects the 
position of the energy levels and can be used to manipulate the 
scattering rates and the degree of population inversion between 
the laser levels, necessary to achieve negative refraction.
Comparing these two structures, one can conclude that not 
all values of the magnetic field, for which peaks in optical 
gain occur, can provide large enough values of population 
inversion in both cases. In some situations, as presented in the 
numerical results, sufficient population inversion is reached 
only upon setting quite high values of the total electron sheet 
density. Nevertheless, the results indicate that negative refrac­
tion may be obtained for a variety of magnetic field values, 
and the required carrier densities and/or values of the magn­
etic field may be further reduced by the optim ization of 
structural parameters. It would also be worthwhile to inves­
tigate other structural designs and material systems with 
different parameters, in search of a profile capable of exhibiting 
negative refraction even in the absence of a magnetic field.
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